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Abstract
In this work, some new oscillation criteria are obtained for the first order delay differential equation
x ′(t) + 1
τe
xt−τ + f (t, xt−τ1 , . . . , xt−τs ) = 0, t ≥ 0,
where τ, τ1, τ2, . . . , τs are nonnegative numbers, f is a function. Our results improve the known results from the literature, and an
example of an application is given at the end.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Several authors including Tang et al. [1], Li [2,3], Elbert and Stavroulakis [4], Tang and Shen [5], and Domshlak
and Stavroulakis [6] have studied the oscillatory behavior of the first order differential equation in a critical state and
obtained a lot of interesting results.
In spite of these works, there is a need for further study of oscillation and non-oscillatory behavior of certain first
order delay differential equations in a critical state.
Consider the first order delay differential equation
x ′(t) + 1
τe
xt−τ + f (t, xt−τ1, . . . , xt−τs ) = 0, t ≥ 0, (1)
where τ1, τ2, . . . , τs are nonnegative numbers, τ is a positive number, the function f satisfies the following conditions:
(i) xi ≥ 0 for i = 1, 2, . . . , s ⇒ f (t, x1, x2, . . . , xs) ≥ 0
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and
xi ≤ 0 for i = 1, 2, . . . , s ⇒ f (t, x1, x2, . . . , xs) ≤ 0;
(ii) f are nondecreasing as a function of xi , i = 1, 2, . . . , s.
A special form of Eq. (1) is the equation
x ′(t) +
(
1
τe
+ p(t)
)
xt−τ = 0, p(t) ≥ 0, t ≥ 0. (2)
The oscillatory behavior for (2) has been studied by many authors; many interesting results have been obtained. In [1],
the following theorem was proved.
Theorem A. If
lim inf
n→∞ t
∫ ∞
t
p(t)dt >
τ
8e
, (3)
then every solution of (2) is oscillatory.
If for large t,
t
∫ ∞
t
p(t)dt ≤ τ
8e
(4)
holds, then (2) has an eventually positive solution.
In this work, we investigate the oscillatory and nonoscillatory behaviors of Eqs. (1) and (2), and give some
oscillation criteria for (2) when the condition (3) does not hold.
In Section 2, we establish an equivalence of the oscillation of (1) and the differential equation
y ′′(t) + 2
τ
e
t
τ f
(
t, e
τ1−t
τ y(t), . . . , e
τs−t
τ y(t)
)
= 0. (5)
In Section 3, we establish some new oscillation criteria for (2).
In Section 4, we give some applications of our results.
2. Equivalence theorem
Theorem 1. Assume that f satisfies (i) and (ii). Then every solution of (1) is oscillatory if and only if every solution
of (5) is oscillatory.
Proof. If f (t, x1, x2, . . . , xs) ≡ 0, x1, x2, . . . , xs > 0 or x1, x2, . . . , xs < 0 eventually, then (1) and (5) both have
eventually positive solutions. Therefore, we consider the case when f (t, x1, x2, . . . , xs) 
≡ 0, x1, x2, . . . , xs > 0 and
f (t, x1, x2, . . . , xs) 
≡ 0, x1, x2, . . . , xs < 0 eventually hold; let ρ = max{τ, τ1, . . . , τs}.
Sufficiency. Let x(t) be an eventually positive solution of (1). Then there exists an integer t1 > 0 such that
x(t) > 0, for t ≥ t1. (6)
Set v(t) = x(t)e tτ for t ≥ t1. Then v(t) > 0 for t ≥ t1. From (1), we have(
v(t) − 1
τ
∫ t
t−τ
v(s)ds
)′
+ e tτ f
(
t, e
τ1−t
τ vt−τ1, . . . , e
τs−t
τ vt−τs
)
= 0 (7)
for t ≥ t1 + ρ. Let
u(t) = v(t) − 1
τ
∫ t
t−τ
v(s)ds, t ≥ t1 + ρ. (8)
By Lemma 1 in [7], there exists a t2 ≥ t1 + ρ such that
u(t) > 0 and u′(t) ≤ 0, for t ≥ t2.
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By using a method similar to the proof of [1, Theorem 1], we see that there exists an integer T ≥ t2 such that
v(t) ≥ 2
τ
∫ t+ρ
T
u(s)ds, for t ≥ T + ρ. (9)
Let y(t) = 2
τ
∫ t
T u(s)ds. Then y
′(t) = u(t) and y ′′(t) = u′(t); it follows from (7)–(9) that
y ′′(t) + 2
τ
e
t
τ f
(
t, e
τ1−t
τ y(t), . . . , e
τs−t
τ y(t)
)
≤ 0, t ≥ T + ρ.
Like in the proof of Theorem 7.4 in [8,9], the corresponding Eq. (4) also has an eventually positive solution.
Necessity. Let y(t) be an eventually positive solution of (5). Then there exists an integer T > t0 such that
y(t) > 0, y ′(t) > 0, and y ′′(t) ≤ 0, for t ≥ T .
Set u(t) = y ′(t) for t ≥ T . Then u(t) > 0 for t ≥ T and
y(t) =
∫ t
T
u(s)ds + yT , t ≥ T . (10)
Define a function v(t) as follows:
v(t) = 2
τ
y(T ), for T ≤ t ≤ T + ρ, (11)
and
v(t) = u(t) + 1
τ
∫ t
t−τ
u(s)ds, for t > T + ρ. (12)
It is easy to see that
v(t) ≤ 2
τ
(∫ t
T
u(s)ds + yT
)
, for T ≤ t ≤ T + ρ,
and we show that
v(t) ≤ 2
τ
(∫ t
T
u(s)ds + yT
)
, for t ≥ T . (13)
If (13) does not hold, then there is positive number T ∗ > T + τ such that
v(t) ≤ 2
τ
(∫ t
T
u(s)ds + yT
)
, for T ≤ t < T ∗ (14)
and
v(T ∗) >
2
τ
(∫ T ∗
T
u(s)ds + yT
)
. (15)
Thus, by (12) and (15) we have
2
τ
(∫ T ∗
T
u(s)ds + yT
)
< v(T ∗) = u(T∗) + 1
τ
∫ T ∗
T ∗−τ
v(s)ds
≤ u(T ∗) + 2
τ 2
∫ T ∗
T ∗−τ
(∫ s
T
u(ξ)dξ + yT
)
ds
= u(T ∗) + 2
τ
yT +
∫ T ∗
T ∗−τ
∫ s
T
u(ξ)dξds
= u(T ∗) + 2
τ
yT + 2
τ
∫ T ∗
T
u(s)ds − 2
τ 2
∫ T ∗
T ∗−τ
dξ
∫ ξ
T ∗−τ
u(ξ)ds
= u(T ∗) + 2
τ
yT + 2
τ
∫ T ∗
T
u(s)ds − 2
τ 2
∫ T ∗
T ∗−τ
(ξ − T ∗ + τ )u(ξ)dξ
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< u(T∗) + 2
τ
yT + 2
τ
∫ T ∗
T
u(s)ds − 2
τ 2
u(T ∗)
∫ T ∗
T ∗−τ
(ξ − T ∗ + τ )dξ
= 2
τ
(
yT +
∫ T ∗
T
u(s)ds
)
.
This is a contradiction. Hence from (13) we have
v(t − τi ) ≤ 2
τ
(∫ t
T
u(s)ds + yT
)
≤ 2
τ
y(t), for t ≥ T + ρ. (16)
From (5), (12) and (13) we get(
v(s) − 1
τ
∫ t
t−τ
v(s)ds
)′
+ e tτ f
(
t,
τ
2
e
τ1−t
τ v(t − τ1), . . . , τ2 e
τs−t
τ vt−τs
)
≤ 0 (17)
for t ≥ T + ρ.
Let x(t) = τ2 v(t)e−
t
τ ; the above inequality becomes
x ′(t) + 1
τe
xt−τ + f (t, xt−τ1, . . . , xt−τs ) ≤ 0, t ≥ T + ρ,
By using a method similar to the proof of [4], it is easy to prove that (1) has an eventually positive solution. The
proof is complete. 
Let f (n, xt−τ1, . . . , xt−τs ) = p(t)xt−τ +
∑m
i=1 pi (t)xt−τi ; by Theorem 1, we obtain:
Theorem 2. Every solution of the equation
x ′(t) + 1
τe
xt−τ +
m∑
i=1
pi (t)xt−τi = 0, pi(t) ≥ 0, t ≥ 0, (18)
is oscillatory if and only if every solution of the equation
y ′′(t) + 2
τ
(
m∑
i=1
e
τi
τ pi (t)
)
y(t) = 0 (19)
is oscillatory.
It follows from Theorem 2 that we have
Theorem 3. Assume that pi(t) ≥ 1τe for some i, i ∈ {1, 2, . . . , m}; every solution of the equation
x ′(t) +
m∑
i=1
pi(t)xt−τi = 0, pi(t) ≥ 0, t ≥ 0, (20)
is oscillatory if and only if every solution of the equation
y ′′(t) + 2
τi
(
e
(
pi (t) − 1
τe
)
+
m∑
j=1, j 
=i
e
τ j
τ p j (t)
)
y(t) = 0 (21)
is oscillatory.
By Theorem 3, we have
Corollary 1 ([1], Theorem 1). Every solution of (2) is oscillatory if and only if every solution of the equation
y ′′ + 2e
τ
p(t)y(t) = 0, p(t) ≥ 0, t ≥ 0 (22)
is oscillatory.
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By Corollary 1 and well-known oscillation criteria for the second order ordinary differential equation, we have:
Corollary 2. If
lim inf
n→∞ t
∫ ∞
t
p(s)ds >
τ
8e
, (23)
then every solution of (2) is oscillatory.
Corollary 3. If
lim inf
n→∞
1
t
∫ t
1
s2 p(s)dt >
τ
8e
, (24)
then every solution of (2) is oscillatory.
Let f (t, xt−τ1, . . . , xt−τs ) = q(t)xt−τ1, q(t) > 0; we obtain:
Corollary 4. If
lim inf
n→∞ t
∫ ∞
t
q(s)ds >
τ
8
e−
τ1
τ , (25)
then the equation
x ′(t) + 1
τe
xt−τ + q(t)xt−τ1 = 0, q(t) > 0, t ≥ 0, (26)
is oscillatory.
Corollary 5. If
lim inf
n→∞
1
t
∫ t
1
s2q(s)ds >
τ
8
e−
τ1
τ , (27)
then the equation
x ′(t) + 1
τe
xt−τ + q(t)xt−τ1 = 0, q(t) > 0, t ≥ 0, (28)
is oscillatory.
3. Some new oscillation results for (2)
For the sake of convenience, we adopt the notation
p∗ = lim inf
t→∞ t
∫ ∞
t
g(s)ds, for t ≥ 0, g(t) > 0,
p∗ = lim sup
t→∞
t
∫ ∞
t
g(s)ds, for t ≥ 0, g(t) > 0,
q∗ = lim inf
t→∞
1
t
∫ t
1
s2g(s)ds, for t ≥ 0, g(t) > 0,
q∗ = lim sup
t→∞
1
t
∫ t
1
s2g(s)ds, for t ≥ 0, g(t) > 0.
By Theorem 1 of paper [10], we have:
Lemma 1. Let p∗ ≤ 14 and q∗ ≤ 14 . If
p∗ >
1
2
(
1 +√1 − 4q∗) ,
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then the equation
y ′′ + g(t)y(t) = 0, t ≥ 0, g(t) > 0, (29)
is oscillatory.
Lemma 2. Let p∗ ≤ 14 and q∗ ≤ 14 . If
q∗ > 1
2
(
1 +√1 − 4 p∗) ,
then (29) is oscillatory.
By Corollary 1, Lemmas 1 and 2, we get:
Theorem 4. Let
lim inf
t→∞ t
∫ ∞
t
p(s)ds ≤ τ
8e
and
lim inf
t→∞
1
t
∫ t
1
s2 p(s)ds ≤ τ
8e
.
If
lim sup
t→∞
t
∫ ∞
t
p(s)ds >
τ
4e

1 +
√
1 − 8e
τ
lim inf
t→∞
1
t
∫ t
1
s2 p(s)ds

 ,
then (2) is oscillatory.
Theorem 5. Let
lim inf
t→∞ t
∫ ∞
t
p(s)ds ≤ τ
8e
and
lim inf
t→∞
1
t
∫ t
1
s2 p(s)ds ≤ τ
8e
.
If
lim sup
t→∞
1
t
∫ t
1
s2 p(s)ds ≥ τ
4e
(
1 +
√
1 − 8e
τ
lim inf
n→∞ t
∫ ∞
t
p(s)ds
)
,
then (2) is oscillatory.
4. Some applications
In this section, we give an example of the application of our results.
Example 1. Consider the delay differential equation
x ′(t) +
(
1
τe
+ p(t)
)
xt−τ = 0, p(t) ≥ 0, t ≥ 0, (30)
where
p(t) = 1, for 5m ≤ t ≤ 5m + 3τ × 5
−m
16e
, m = 1, 2, . . . ,
p(t) = 0, otherwise.
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It is not difficult to see that
lim inf
t→∞ t
∫ ∞
t
p(s)ds = 3τ
64e
<
τ
8e
, (31)
lim sup
t→∞
t
∫ ∞
t
p(s)ds = 5τ
64e
, (32)
lim inf
t→∞
1
t
∫ ∞
t
s2 p(s)ds = 3τ
64e
<
τ
8e
, (33)
lim sup
t→∞
1
t
∫ ∞
t
s2 p(s)ds = 5τ
64e
. (34)
Thus, Theorem A and Corollaries 2 and 3 are not applicable. But by Theorem 4 or Theorem 5, every solution of (30)
oscillates.
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